In this paper we have added Maxwell, Maxwell-Chern-Simons and gravitational Chern-Simons terms to Born-Infeld extended new massive gravity and we have found different types of (non)extremal charged black holes. For each black hole we find mass, angular momentum, entropy and temperature. Since our solutions are asymptotically AdS or warped-AdS, we infer central charges of dual CFTs by using Cardy's formula. Computing conserved charges associated to asymptotic symmetry transformations confirms calculation of central charges. For CFTs dual to asymptotically AdS solutions we find left central charges from Cardy's formula, while conserved charge approach gives both left and right central charges. For CFTs dual to asymptotically warped-AdS solutions, left and right central charges are equal when we have Maxwell-ChernSimons term but they have different values when gravitational Chern-Simons term is included.
Introduction
Three dimensional massive gravity is an interesting subject in studying gravity. Topological Massive Gravity (TMG) is obtained by adding a gravitational Chern-Simons term to pure gravity [1] . New Massive gravity (NMG) on the other hand is constructed by adding higher order curvature terms to the Einstein-Hilbert term [2] .
A combination of both theories, known as General Massive Gravity (GMG), is also studied in [3] .
The mentioned theories have different properties. For example TMG theory, due to the presence of a ChernSimons term, is a parity-violating gravitational model while NMG theory is constructed out of parity-preserving terms.
Several solutions such as the BTZ black holes, Warped-AdS background, logarithmic and polynomial solutions have been found for these gravitational theories [4] - [12] . To obtain charged solutions for these theories, one may add gauge fields through the Maxwell term. This leads to TMGE, which has been studied in [13] and NMGE [14] .
Since massive gravity theories in three dimensions have different sectors, for example they contain solutions which are asymptotically AdS 3 or asymptotically warped-AdS 3 , it will be very interesting to study the AdS 3 /CF T 2 correspondence in this context (see [15] ). For example several attempts have been done by studying isometery groups and computing the central charges of asymptotic algebras [16] - [18] . In this paper we try to find different solutions for different combinations of massive gravities. We will choose two directions to extend massive gravity theories. In one direction we add gauge fields and in other direction we consider higher order curvature terms. These extensions enable us to get more possible solutions to study the AdS 3 /CF T 2 correspondence. We use the following approach for these extensions of massive gravities.
NMG contains curvature square terms. To extend this theory in order to have higher order curvature terms, several attempts have been done. One of the recent developments is Born-Infeld extension of new massive gravity [19] S = 2m
where g µν is metric and G µν = R µν − 1 2 Rg µν is Einstein tensor. The parameter m is a mass parameter and κ = 8πG 3 is the three dimensional gravitational constant. To have a positive coefficient for scalar curvature we choose σ = −1. This condition guaranties unitarity of the theory [20] .
Gauge field strength and Chern-Simons term have been added in [21] in order to study charged solutions
where a and µ are two constants and F µν = ∂ µ A ν − ∂ ν A µ is the field strength of a U (1) gauge field. In [21] we have studied warped-AdS solution for this theory. In this paper we try to find other possible solutions. We also extend this action and add topological gravitational Chern-Simons term.
If we insert a = µ = 0 and only consider expansion up to second order of curvature, one will find the new massive gravity action [2] . Expansion to next leading order terms, gives deformation of NMG obtained by AdS/CFT correspondence consideration [22] . Uncharged AdS black hole solutions for this action have been found in [23] .
This paper is organized as follows: In section two we will see how one can find solutions for equations of motion. First we expand Lagrangian (1.2) up to cubic curvature terms and then we introduce the dimensional reduction procedure. We discuss mass and angular momentum of solutions. We show how to find some useful thermodynamical quantities such as entropy and Hawking temperature. In section three we obtain new charged solutions and compute their mass, angular momentum and entropy. In section four we add gravitational ChernSimons term to the Lagrangian and find different extremal and non-extremal solutions. In section five we calculate central charges of two dimensional conformal field theories dual to the black hole solutions, by using the Cardy's formula. Sections six and seven contain attempts to find central charges by computing the conserved charges associated to asymptotic symmetry transformations. In last section we summarize our results.
2 How to find solutions and their physical quantities?
The Lagrangian
In this paper we are interested in physical properties of the solutions corresponding to the expansion of La-
grangian (1.2). Expansion of (1.2) up to second, forth and sixth orders of derivatives gives the following
Lagrangians at different orders
L O(4) = 2m 
where T r(AB) = A µν B νµ . We also add Maxwell-Chern-Simons term
It is obvious that if we insert a = µ = 0 then we will find extended NMG Lagrangian [19] , [22] . We also consider gravitational Chern-Simons Lagrangian
To write Maxwell Lagrangian in its canonical form from now on we consider
Ansatz
In this paper we would like to find stationary rotationally symmetric solutions. To do this, the best way is to use the dimensional reduction procedure introduced by [7] , [13] . In this procedure, one considers a three dimensional metric which has symmetry group of the SL(2, R) transformations and gauge field has a SL(2, R) doublet representation. Therefore we can write the metric and gauge field as follows
where (a, b = 0, 1) and (x 0 = t, x 1 = ϕ). The components of λ can be expressed by a 2 × 2 matrix
To obtain a solution we first insert the above ansatz into the Lagrangian and then we find equations of motion by the variation of Lagrangian with respect to A a , ζ, T, X and Y .
To find the physical quantities of solutions such as temperature or angular velocity, it would be better to write the ansatz (2.4) in its ADM form [24] i.e.
where we have used the following definitions
and
Mass and angular momentum
To compute mass and angular momentum of a black hole we use the Clement's approach presented in [7] . In this approach there is a conserved current called super-angular momentum vector J. Angular momentum and mass are related to super-angular momentum via 8) where δ denotes the difference between values of super-angular momentum for solution and background. The background usually is a massless static solution. We will show that either ∆ = 0 or ∆ = δJ Y .
Since we have considered gauge fields, we need to extend the Clement's approach. This has been already done in [21] . The Lagrangian we are dealing with has a SL(2, R) symmetry and super-angular momentum is its conserved current so under infinitesimal SL(2, R) transformations we find the following field transformations
The conserved super-angular momentum current has two parts. For the gravity part we find 10) where primes denote derivatives with respect to ρ. The above vector is equivalent to the vector current which has been found in [7] . For electromagnetic part one finds [21] 
The total super-angular momentum is the sum of these two parts, i.e. J = J Gr + J EM .
Thermodynamics
In addition to mass, angular momentum or charge one can find thermodynamical properties of black holes. The most important parameter is entropy and its value is given by using the Wald's formula [25] S W = 4πA h δL δR 0202 (g 00 12) where A h is the horizon's area. By adding the TMG Lagrangian we must also consider its contribution to entropy [13] . So the total value of entropy in presence of the TMG Lagrangian will be 13) where r h is the location of horizon and it can be found from ADM form of the metric.
To check the first law of thermodynamics for black holes we need to find more physical quantities. According to definitions in (2.7) one can read Hawking's temperature, angular velocity and area of horizon from ADM form of metric. These are 14) where prime is derivative with respect to ρ. Since we have a gauge field, we can also find the value of electric potential Φ at horizon
We will check that black hole solutions satisfy the first law of thermodynamics i.e, 16) where Q is the electric charge for each charged solution.
There is another approach to find mass of each black hole from the integrated form of the first law or the Smarr-like formula [26] . Depending on each solution we find one of the following relations 
where Q is the electric (magnetic) charge of U (1) gauge field. The constant parameters C, C 0 , ν and l can be computed from equations of motion. In this ansatz α, β and γ are vectors which determine the frame of solutions. Equations of motion for T, X and Y restrict α and β vectors to α 2 = α.β = 0 and γ||α. So we choose the following frame for self-dual solutions
Inserting this frame into (3.1) and using Euler-Lagrange equations of motion for T, X or Y we can find C as a function, C = C(Q, ν, m, l). One can easily find C as in the first column of table 2. In next step we insert the above ansatz into equations of motion for gauge field. table 1 ). Table 1 : The value of cosmological constant Λ in each order of Lagrangian (ξ = ml).
If we write ADM metric then we will have the following functions according to relation (2.4) Table 2 : The coefficients C, C ′ and H in each order of expansion (ξ = ml, ν = −µlH).
Note that the value of C 0 can not be fixed by equations of motion and it is a free parameter of solutions.
Using the above values we are able to compute the super-angular momentum. By (2.10) and (2.11) we can find super-angular momentum as
where C ′ is given in the second column of table 2 which depends on the order of expansion of Lagrangian. From super-angular momentum and using relations in (2.8) we can read angular momentum and mass.
To do this we need to know the background solution and the value of ∆. The background solution can be found by inserting C 0 = 0, so the value of super-angular momentum would be zero. On the other hand we suppose that ∆ = 0 so we find
But we need to show that the choice of ∆ = 0 is consistent with the first law of thermodynamics for black holes.
There is an alternative way to find the same value for mass. What we need is to check a consistency between the first law of thermodynamics and Smarr-like formula M = 1 2 T H S + Ω h J + 1 2 Φ hQ . As we noted, the only free parameters of solutions are Q and C 0 . By differentiating Smarr-like formula with respect to these parameters we expect to find the first law. This fixes constant coefficients of Smarr-like formula and also gives the value of mass. But to use Smarr-like formula we need to find temperature, angular velocity and the value of electric potential at horizon, we also need the entropy of black hole.
Horizon is a circle and it is parametrized by φ. Location of this horizon is given by
Since the radius of horizon is given by K, we assume K > 0. So the only value for the location of horizon will be ρ = 0 if we have ν > 0. Using (2.14) and (2.15) we find the following quantities at horizon
As we see the above quantities are independent of the order of expansion. The zero value of temperature indicates that we are dealing with an extremal black hole. The above values immediately give a relation between mass and angular momentum from Smarr-like formula, which is M = Jl and it shows that ∆ = 0 is a correct assumption.
Finally entropy can be found by using Wald formula (2.12)
As we told before, there is another solution when ν = 0. This is the well known BTZ solution in presence of a constant gauge field and has the same angular velocity, temperature, mass and entropy as nonzero solution.
Logarithmic MCS-charged solution
In addition to the self-dual solution of the previous subsection we can consider another ansatz which is also a solution of equations of motion. We call it logarithmic MCS-charged solution [11] , [8] 
Again Q corresponds to the electric (magnetic) charge of solution. The equations of motion for T, X or Y restrict us to the following frame
Imposing the above frame in equations of motion for T, X or Y , one finds the following relation for every level of expansion of Lagrangian Table 3 : Constant parameters µ, D and D ′ for logarithmic MCS black holes, (ξ = ml).
By inserting the frame in (3.9) into solution (3.8), metric in its ADM form can be read as
In this solution D 0 is a free parameter and cannot be fixed by equations of motion.
For future proposes we need to read angular velocity, temperature and electric potential at horizon. We also need to know horizon's area. By the same argument as in previous ansatz, horizon will be located at ρ = 0 if ν has a positive value. Using equations (2.14) and (2.15) and by knowing the location of horizon, we find the following values
In this case values of µ and D are given in the first and in the second column of table 3. To find physical quantities of this black hole let us first compute super-angular momentum. Using relations in equations (2.10) and (2.11) one finds 
To check that ∆ = 0 is a correct choice, we use Smarr-like formula M =
In this case the only free parameters are Q and D 0 . By differentiating Smarr-like formula with respect to these parameters we can find the first law of thermodynamics for black holes. Since we have an extremal black hole with vanishing temperature and since the value of electric potential at horizon is zero we find again M = Jl and so ∆ = 0.
Using the Wald formula (2.12) for entropy, we have
As noted before there is another solution for ν as a function of m and l. This new value does not exist in O (2) but appears at higher orders. The values of ν are given in the first column of table 4. Similar to the previous case we can find values of µ and D, which are given in table 4.
Super-angular momentum and therefore values of angular momentum and mass can be found by using equations (3.13) and (3.14) . In fact the values of D ′ in this case are exactly equal to values for ν = 1. So these solutions have the same angular momentum and mass. On the other hand by computing entropy from Wald formula we find that these solutions have the same entropy (3.15), with similar values of D ′ (table 3) . These Table 4 : Constant parameters ν, µ and D for logarithmic MCS black holes, (ξ = ml). ∆ 4 = 2 + 4ξ 2 and ∆ 6 = 16ξ 6 + 16ξ 4 + 10ξ 2 + 3.
similarities come from similarity of asymptotic and near horizon geometries of the two solutions, although the geometries between these two limits are different.
Note that existence of horizon at ρ = 0, restricts ν to ν > 0. This restricts the values of ξ = ml in the first column of table 4.
M-charged solution
Now let us turn off Chern-Simons term by inserting µ = 0. We call this solution Maxwell-charged or M-charged solution. We suppose the following ansatz
where Q again is electric (magnetic) charge and B and ρ 0 are some constants. To solve equations of motion we consider the following frame which is more general than the previous frames
If we choose ω = l then we will obtain self-dual M-charged solutions with E = F tρ = F ρφ = B. Similar self-dual solutions have been studied in [27] , [28] and [29] .
Using the above frame and ansatz and by inserting these into T, X or Y equations of motion we end up with the following equation There are two other equations of motion for A 1 and A 2 . These equations satisfy by choosing a proper ansatz for gauge field. Equation of motion for ζ gives the values of cosmological constant Λ which are exactly equal to previous results in table 1 . Table 5 : Coefficients B and B ′ in each order of the expansion (ξ = ml).
Considering all above values, the corresponding ADM metric contains the following functions
Using this solution we can compute super-angular momentum. From (2.10) and (2.11) we find
where B ′ is given in the second column of table 5. From super-angular momentum (3.20) and using (2.8) we can read angular momentum and mass as follows
In this case similar to previous ones we choose ∆ = 0 in (2.8).
As we mentioned before, horizons are roots of equation
So according to metric (3.19) there are two horizons at ρ = ρ + and ρ = ρ − which are outer and inner horizons respectively (ρ + > ρ − ). But K 2 changes sign for a certain value of ρ = ρ c such that for ρ < ρ c we encounter closed time-like curves [27] .
In the extremal solution when we go to self-dual limit |ω| → ±l, from (3.19) we can see that the location of horizon goes to ρ = 0, which is not consistent with ρ > ρ c . In fact this is a naked singularity which is located at infinite geodesic distance [27] . Note that the extremal black holes such as those we described in previous subsections have a horizon at infinite proper distance [27] . Therefore we can not compute thermodynamical parameters of this self-dual solution because this is a horizon-less solution.
Geodesic Completeness
In previous sections we found two types of black holes, the polynomial solution (3.3) and the logarithmic solution (3.11), where their horizon were located at ρ = 0. At ρ = 0 curvature scalars such as R, R µν R µν , R µνρσ R µνρσ , ...
are finite. In addition each point outside the horizon is located at an infinite radial distance from the horizon due to extremality of black holes. We now find a condition that time-like geodesics approach to horizon in an infinite amount of time or in other words solutions become geodesically complete.
The black hole solutions (3.3) and (3.11) have two Killing vectors ∂ t and ∂ φ corresponding to two manifest symmetries of their metric. We define these two Killing vectors as
Constants of motion for a geodesic can be expressed as
where τ is an affine parameter. In addition, we have another constant of motion. Geodesic equation implies that the following quantity is constant along the path
where ε = −1, 0 or 1 for time-like, null or space-like geodesics respectively. Using constants in (3.23) and multiplying g ρρ on both sides of (3.24), the geodesic equation for metric (3.3) and (3.11) becomes
When ρ → 0 geodesics will be regular if E φ = −l E t (see for example [27] for a similar argument). Solving each equation in (3.25) for time-like geodesics (ε = −1) together with E φ = −l E t shows that, it takes an infinite amount of time to reach the horizon at ρ = 0.
Born-Infeld-TMG solutions
In this section we extend our work and consider gravitational Chern-Simons action. We add topological Lagrangian (2.3) to Born-Infeld Lagrangian (1.2). Since gravitational Chern-Simons action has third order of derivative terms we just consider O(2), O(4) and O(∞) in our computations. We divide solutions into extremal and non-extremal black holes.
Extremal black holes
In section 3 we found a number of self-dual solutions in presence of the Maxwell-Chern-Simons term. Now we add gravitational Chern-Simons term to the Lagrangian. Since our ansatz in section 3 also works here and all steps are similar, we just write final results in their corresponding tables.
Polynomial charged solution
A self-dual extremal charged black hole in presence of gravitational CS term (we call it polynomial charged solution) is given by the following ansatz
Angular momentum, mass and entropy of this black hole are as follows
Together with the following physical quantities at horizon (ρ h = 0)
All values of constant parameters ν, C and C ′ are listed in table 6 . Table 6 : ξ = ml , µ G l = η
Logarithmic charged solutions
Another self-dual extremal charged black hole is logarithmic charged black hole. Solving equations of motion leads to
Together with the following values at horizon
We have two sets of solutions in this case. The first case is ν = 1, see table 7, and the second case is Table 7 : Table 8 : ξ = ml , µ G l = η
Non-extremal black holes
There are non-extremal black hole solutions for equations of motion. We have already found non-extremal warped AdS 3 black holes without the TMG term in [21] . Similar to it we suppose the following ansatz
To find a non-extremal warped solution to satisfy equations of motion for T, X and Y we need to choose the following frame
where β 2 = 1−2z. To have a solution free of closed time-like curves we must restrict ourselves to 0 < β 2 < 1, [7] .
One can obtain warped AdS metric in ADM form
where
1−β 2 . After frame fixing each T, X or Y equations of motion equivalently give the same value for charge Q. The equations of motion for gauge field components also give another relation. At O(2) gauge field equations restrict µ = 1. But for other orders these equations give a relation between z, m, µ and µ G . Final results for charge Q and value of z are written in first two columns of table 9.
The equation of motion for ζ gives cosmological constant in terms of other parameters of theory (see the last column of the table 9).
(2µ−1)(µ−1) µ Table 9 : Parameters given by equations of motion for warped AdS 3 solution.
From equations (2.10) and (2.11) we find the following value for super-angular momentum
where coefficients are given in table 10, ( note that the value of z at each row must be read from second column of table 9). To find angular momentum and mass we must subtract the values of background. Background is given by inserting ρ 0 = ω = 0. Using equation (2.8) we can read angular momentum and mass. For non-extremal black holes we consider M = 4π(δJ Y ) which we show to be consistent with the first law of thermodynamics for black holes. After subtraction we find
The location of the horizon is given by ρ = ρ 0 or equivalently r h = ρ0+2ωz √ 2z
. Quantities such as area of horizon, Hawking temperature, angular velocity and electric potential at horizon can be found by using relations in (2.14) and (2.15)
Again entropy can be found by adding Wald entropy and contribution from Chern-Simons term (2.13)
Using Smarr-like formula M = T H S + 2Ω h J + 1 2 Φ hQ we can check that thermodynamical quantities satisfy the first law of black hole thermodynamics, dM = T H dS+Ω h dJ. To do this we consider M = M (ρ 0 , ω), S = S(ρ 0 , ω) and J = J(ρ 0 , ω) then differentiate with respect to ρ 0 and ω. The value of mass from Smarr-like formula agrees exactly with M = 4π(δJ Y ). This value of mass is exactly equal to the ADT mass of the black hole.
Central charges of dual CFTs, Cardy's formula approach
According to AdS/CFT conjecture [31] one may expect that for some sectors of three dimensional gravities which are either asymptotically AdS 3 or AdS 3 -like, there exists a two dimensional dual conformal field theory.
In this work we found such sectors for different types of massive gravities which were asymptotically AdS 3 (extremal black holes) or AdS 3 -like (non-extremal warped-AdS 3 black holes), so it will be interesting to find some properties of these two dimensional dual conformal field theories.
AdS 3 metric in Poincarè coordinates is given by
where l is the length of AdS 3 and boundary is located at y = 0. The global symmetry of AdS 3 is SO(2, 2). The SO(2, 2) algebra, gets enhanced to asymptotic isometery algebra, which coincides with two copies of the Witt algebra.
The algebra of asymptotical conserved charges associated to asymptotic Killing vectors satisfy two copies of Virasoro algebra. This algebra has equal left and right central charges c L = c R = 3l 2G [16] , where G is the three dimensional gravitational constant. It is believed that these are central charges of a two dimensional conformal field theory living on the boundary of AdS 3 .
In this paper we consider gravities which have been shown to be unitary in bulk and boundary [32] . This property allows us to use Cardy's formula to read the central charges of the dual CFT theories in terms of black hole entropies, i.e.
where T L and T R are left and right temperatures. Alternatively one may use the following relation
where E L and E R are the left and right energies and depending on each solution they have different values.
In [33] it has been shown that for asymptotic AdS 3 sector of pure gravity we can find a CFT dual with a
∂Rµν . In the following we will show that this relation only works for those sectors which are asymptotically AdS 3 and does not give a correct result for asymptotically warped-AdS 3 sectors.
Asymptotic AdS 3 sectors
In previous sections we found two sets of extremal solutions, logarithmic solution and polynomial solution with(without) presence of gravitational Chern-Simons term. These solutions have the following metrics
In both cases Hawking temperature is zero and we have extremality condition J = M l. As we told before, the existence of a horizon is possible if ν > 0. Asymptotic behavior can be found by sending ρ to infinity. This requires ν < 1 to have an asymptotically AdS 3 solution.
Since both these solutions have the same asymptotic symmetry and belong to the asymptotic AdS 3 sector of three dimensional massive gravites, we expect that both have the same two dimensional dual CFTs. The central charges of these dual CFTs can be obtained from (5.3) by defining left and right energies as a linear combination of mass and angular momentum. We define
By knowing entropy we can read the left central charge of the dual CFT. We have done this and all results for c L are listed in table 11. As we see these central charges include corrections to 3l 2G found in [16] . These corrections are coming from higher curvature terms and gravitational Chern-Simons term. 
Asymptotic warped-AdS 3 sectors
In non-extremal warped-AdS solution the SL(2, R) L × SL(2, R) R symmetry breaks into the isometery group of SL(2, R) × U (1) [17] . So this solution belongs to a different sector of three dimensional massive gravities and we expect different values for central charges of dual CFTs. In this case we find both left and right central charges by using Cardy's formula.
We can either use the Cardy's formula in (5.2), where left and right temperatures T L/R can be defined as
or we can use (5.3) with the following left and right energies
Both ways give the following values for left and right central charges
where values for Ξ 1 and Ξ 2 are given in table 10 and values for z are listed in table 9.
Using the above values for left and right central charges we can find holographic gravitational anomaly.
Using parameters in table 10 we see that the value of anomaly is independent of order of expansion
This value for anomaly agrees with the value in [34] exactly .
There are important points to note: Although in this section we found various results of central charges for dual CFTs we must check them from a more accurate approach. We will show that computing the asymptotic conserved charges allows us to find central charges and confirms our computations in this section.
Asymptotic conserved charges for extremal solutions
As we saw in the previous section, Cardy's formula just gives left central charges of CFTs dual to asymptotically AdS 3 sectors. In this section we try to use another approach to find central charges by using asymptotic properties of solutions. We will show that this approach gives both left and right central charges and confirms results of Cardy's formula.
To compute conserved charges such as mass and angular momentum associated to Killing vectors of a typical background, we must linearize equations of motion around this background. According to Abbott-Deser (AD)
formalism [35] these conserved charges are expressed as
where δT µν is the linearized energy-momentum tensor andξ ν is a background Killing vector. The value of ξ ν δT µν generates a conserved current whose spatial integral for different components gives conserved charges.
Computations of conserved charges in presence of higher curvature gravity theories has been done firstly for AdS background in [36] . For an arbitrary background, calculations have been discussed in [37] .
The Killing vectorsξ ν are generators of isometeries of background metric, but we also have asymptotic Killing vectors ζ µ which are defined as generators of non-trivial charges
Existence of such asymptotic Killing vectors is due to the fact that killing equations do not fall-off fast enough near boundary. For any consistent set of boundary conditions one can find an associated asymptotic symmetry group (ASG), which is defined as a set of symmetry transformations modulo the set of trivial symmetry transformations [38] .
Linearization of equation of motion and conserved currents
• Curvature terms
To find conserved charges, AD formalism suggests linearization of equations of motion. Let us start with pure gravity terms in Lagrangian up to cubic terms of curvature (2.1)
Equations of motion for Lagrangian (6.3) are given by
For AdS background in D dimensions we have the following relations
where Λ 0 is a proper cosmological constant. If we insert background (6.5) into equations of motion (6.4) then we will find a critical value for Λ in terms of Λ 0
(6.6)
We now suppose small fluctuations around asymptotic background metric (AdS space) as g µν =ḡ µν + h µν and use it to linearize equations of motion. Defining
one finds the following linearized parts (h ≡ḡ µν h µν ) 
The last line vanishes by (6.6). We can also use relation∇ β δG αβ = 0 to simplify the above equation.
Asymptotic conserved charges are given by the following integration
To find conserved charges we should use
Killing equations for asymptotic Killing vectorsξ µ which satisfy Killing vector equation∇ µξν +∇ νξµ = O(h).
Since we have already linearized equations to O(h) we can ignore O(h) due to this Killing equation and put it
to zero. We also use the following relations to simplify our results
Finally one finds the following conserved current
In first term,ξ ν δG µν can be written as a total derivative term, so the above expression will be a total derivative 14) where ε µνρ = √ −gǫ µνρ with ǫ 012 = −1. The linearized form of (6.14) is [37, 39] 15) and conserved current constructed out of this term can be expressed as 
Asymptotic behavior of Extremal solutions
By inserting results in equations (6.13) and (6.17) into equation (6.10) we can compute conserved charge. Since the conserved current is written as a total derivative, integral over bulk will be equal to an integral over boundary
As mentioned before, extremal solutions (5.4) are asymptotically AdS 3 , so we have SL(2, R) L × SL(2, R) R symmetry at boundary and therefore we have two copies of Killing vectors, ξ L n and ξ R n , which generate two copies of Virasoro algebra
Going to light-cone coordinates with τ ± = t ± lφ, the background metrics (5.4) change to 21) which are asymptotically AdS 3 and therefore one can use standard Brown-Henneaux asymptotically AdS 3 boundary conditions [16] . Since in above metrics ρ ν ln ρ and ρ ν terms are diverging more slowly than ρ at boundary (0 < ν < 1), we can choose boundary fluctuations as
The most general diffeomorphism which preserves (6.22) is 24) where "..." are next leading order terms which do not contribute to conserved charges. Plugging (6.24) into (6.18) and taking ρ → ∞ limit, lead to
where we have inserted values of κ 1 , ..., κ 5 . If we insert boundary conditions (6.24) into linearized equations of motion (6.9) then the ρρ component at ρ → ∞, will give an asymptotic constraint for equation (6.25) (6.26) According to this constraint the second line of (6.25) becomes zero at boundary. Now we can define left and right moving conserved charges as (6.27) where Q = Q L + Q R . These charges satisfy two copies of Virasoro algebra with left and right moving central
One can easily check that µ G → ∞ is consistent with central function formalism in [33] , i.e.
so simply we can read central charges of the dual CFT to the asymptotically AdS sector of Born-Infeld La-
As we see, the left central charges we have found here in (6.28) and (6.30) , are exactly those in table 11, which we found from Cardy's formula.
There is an important point to note. As we see, although we have ignored all terms which contain field strength of the gauge field, final results for central charges have not changed. We can check that these extra terms fall off more rapidly than pure gravity terms as one goes to boundary (ρ → ∞). As an example consider the F 2 term in Lagrangian. The contribution of this term to equations of motion is as follow 31) which leads to the following electromagnetic conserved current
For both logarithmic and polynomial solutions the first term above is zero because of F 2 = 0. One can see that as we go to boundary (ρ → ∞) the next two terms also vanish. This can be checked by choosing boundary fluctuations (6.22) and using the fact that our solutions are restricted by (0 < ν < 1). The same behavior still holds for all other terms which contain gauge field strength. 
Asymptotic conserved charges for non-extremal solutions
For asymptotically AdS 3 metric we used useful relations in equation (6.5) for linearization of equations of motion. But for asymptotically warped-AdS 3 metric we do not have these properties and we must linearize equations of motion around an arbitrary general background metric. As an example let us start from second order derivative terms in Lagrangian. Most of calculations are similar to those performed in [40] . For an action including Einstein-Hilbert and TMG terms we have
If we define G µν = R µν − 1 2 g µν R + Λ g µν then the conserved current associated to Einstein-Hilbert terms will be 
3)
For the TMG part the associated conserved charge is given by
Again if we define η ν ≡ 1 2 √ g ǫ ναβ ∇ α ξ β we can find the following equations [37]
The sum of the last three terms of equation (7.3) and equation (7.7) is zero by using equations of motion.
Therefore conserved charge becomes
For warped solution the metric is 9) and asymptotic boundary fluctuations can be defined as
The most general diffeomorphism which preserves (7.10) is
where prime is derivative with respect to φ and N is an arbitrary constant which does not affect our results [41] .
All remaining steps for finding central charge is similar to the previous case. Since φ is a periodic coordinate with φ ∼ φ + 2π then it is better to use the Fourier analysis by considering ǫ(φ) = e inφ in (7.11) . Inserting this vector into equation (7.8) we will find exactly the left central charge in table 10 i.e.
As before we can show that at this order of calculations conserved current associated to gauge field Lagrangian F 2 , falls-off more rapidly than gravitational terms at boundary and it has not any contribution to central charge.
Although this approach confirms left central charges found by Cardy's formula, it is unable to find right central charge, see [40] and [41] for the same obstruction. This is because the asymptotic symmetry is SL(2, R)× U (1) and we must expect that since we have one SL(2, R), we will find one of the central charges. It will be interesting to find a way to compute the other central charges of this algebra. This situation still holds in presence of higher order curvature terms with more lengthy calculations and again we can only confirm left central charges of table 10.
Summary and Conclusions
In this paper we have investigated several solutions corresponding to three dimensional extended massive theories of gravity. The extension has been done either by adding gauge fields through a Maxwell term or MaxwellChern-Simons term or by adding a gravitational Chern-Simons term. In all these cases we have found charged solutions.
These charged solutions are as follows:
1. Extremal logarithmic and polynomial self dual black holes with and without gravitational Chern-Simons term.
2. Maxwell charged solutions which have naked singularities.
3. Non-extremal warped-AdS solutions.
We have found these solutions for different orders of expansion (up to six) of Born-Infeld Lagrangian and for For all solutions we have found super-angular momentum as a conserved current for SL(2, R) symmetry.
Then we have read mass and angular momentum. For extremal cases we always find J = M l or ∆ = 0 but for non-extremal case we find (4.11) or ∆ = 2π(δJ Y ).
Results for mass have been checked by consistency between the first law of thermodynamics for black holes and the Smarr-like formula. For extremal solutions Smarr-like formula is M = 1 2 T H S + Ω h J + Φ hQ but for non-extremal solution it is given by M = T H S + 2Ω h J + 1 2 Φ hQ . We have also found entropy of each black hole, by using (2.12) when we have no gravitational Chern-Simons term and we have used (2.13) when we have it. The value of entropy helps us to read central charges of dual conformal field theories.
In this paper we used Cardy's formula to find central charges. For asymptotically AdS solutions we can only find left central charge (table 11) To confirm our results for central charges of dual CFTs we have used another approach. We calculate conserved charges associated to asymptotic symmetry transformations of solutions, i.e. SL(2, R) × SL(2, R) for asymptotically AdS solutions and SL(2, R) × U (1) for asymptotically warped-AdS ones. By choosing a proper gravitational perturbation at boundaries we can find exactly central charges that we have found by Cardy's formula. By this approach we can compute both left and right central charges of the CFT dual to asymptotically AdS solutions. But for dual CFTs associated to asymptotically warped-AdS solutions only left central charges can be computed.
A Useful relations for linearization
In order to study fluctuations of a generic action around some background we need to expand various tensors up to second order in metric perturbations h µν . Using 
